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T-duality realized on D-brane effective actions is studied from a pure worldvolume point of view.
It is proved that invariance in the form of the Dirac-Born-Infeld and Wess-Zumino terms fixes the
T-duality transformations of the NS-NS and R-R background fields, respectively. The analysis
is extended to uncover the mapping of global symmetries of the corresponding pair of D-branes
involved in the transformation.
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T-duality is known to be a perturbative symmetry of
string theory [1]. It states that a string compactified
on a torus with spacelike radius R and string coupling
constant g is equivalent to a string compactified on a
torus with spacelike radius α′/R and string coupling con-
stant g
√
α′/R. It is believed to be an exact symmetry
of the whole string theory, that is, including the non-
perturbative sector.
One of the evidences in favour of this conjecture is
the realization of T-duality on Dirichlet p-brane effec-
tive actions (Dp-branes) [2]. The final conclusion in [2]
was that the double dimensional reduction of the Dp-
brane action yields the direct dimensional reduction of
the D(p − 1)-brane action. This approach was based on
the T-duality rules mapping type IIA/IIB backgrounds
given in [3], which were derived due to the existence of
two inequivalent embeddings of N = 2 D = 9 supergrav-
ity into the corresponding ten dimensional ones.
The derivation of the T-duality mapping rules for the
NS-NS sector using pure worldvolume techniques was
achieved in [4], where they gauged the compact isometry
in a non-linear sigma model describing the propagation
of a fundamental string in a curved background. It seems
rather natural to consider, instead, Dp-brane effective ac-
tions, because not only they couple to the NS-NS sector
but also minimally to the whole R-R sector.
Dp-branes admit a CFT description within open string
theory [5]. The dimensionality of their worldvolume de-
pends on the number of scalar fields (9 − p) satisfying
Dirichlet boundary conditions (b. c.). Since Dirichlet b.
c. are transformed to Neumann b. c. under T-duality
[6], D(p+ 1)-branes are T-dual to Dp-branes. Since the
dynamics of all Dp-branes is described by,
Sp = −Tp
∫
dp+1σ e−φ
√
−det(Gµν + Fµν)
+Tp
∫
eF ∧ C (1)
where Gµν ≡ ∂µxM∂νxNgMN is the worldvolume induced
metric and Fµν ≡ 2πα′Fµν−∂µxM∂νxNBMN , the above
discussion suggests that T-duality rules mapping type
IIA/IIB supergravity backgrounds must be encoded in
the Dirac-Born-Infeld term (DBI), for the NS-NS sector,
and in the Wess-Zumino term (WZ) for the R-R sector.
It will be proven that requiring invariance in the form
of the DBI and WZ terms fixes the T-duality transforma-
tions of the NS-NS and R-R background fields, respec-
tively. In particular, the complete set of transformations
for the R-R potentials will be determined for an arbi-
trary target space background, generalizing previous re-
sults in the literature. The methods developed in this
proof might be useful to treat the kappa symmetric case,
in order to derive the mapping rules of the fermionic su-
pergravity sector, and to realize timelike and spacetime
signature changing T-duality transformations [7] on ex-
otic D-brane worldvolume effective actions.
The mentioned analysis refers to effective actions. It is
extended to uncover the global symmetries of these effec-
tive actions. The mapping relating the original infinites-
simal transformations with the T-dual ones is found un-
der certain sufficient conditions. We comment on the
physical interpretation of this result.
T-duality from Born-Infeld invariance . Consider a
Dp-brane propagating in an arbitrary type II super-
gravity background. Its bosonic degrees of freedom are
{φi} = {xM , Vµ}, where xM are the target space coordi-
nates, M = 0, 1 . . . 9 and Vµ are the components of the
1-form worldvolume gauge field, µ = 0, 1 . . . p.
Given the field content, one must specify the set of
global and gauge symmetries that leaves the correspond-
ing action invariant. Let us write down the infinitessimal
transformations of the fields {φi} associated with both
types of symmetries :
s xM = ξν∂νx
M +∆xM (2)
s Vµ = ξ
ν∂νVµ + Vν∂µξ
ν + ∂µc+∆Vµ (3)
where s is a generalized worldvolume BRST operator,
ξν are diffeomorphism ghosts, c an abelian U(1) ghost,
and ∆φi stands for the infinitessimal set of independent
global transformations.
All Dp-branes possess the above structure, differing
just in the supergravity background (IIA or IIB) and in
1
the worldvolume dimension. The D(p+1)-brane effective
action can be mapped to theDp-brane one, if one dynam-
ical component of the initial gauge field is identified with
an scalar in the T-dual Dp-brane, as a necessary condi-
tion to match the different physical degrees of freedom
described by both D-branes.
The latter discussion suggests demanding the condi-
tions of a double dimensional reduction, as the worldvol-
ume dimension must be effectively reduced by one. This
mechanism is equivalent to a partial gauge fixing of the
worldvolume diffeomorphisms (z = ρ) combined with a
functional truncation ∂ρx
m = ∂ρVµ = 0, where the origi-
nal xM scalar fields and the worldvolume coordinates σµ
were splitted into {xm, z} and {σµˆ, ρ}, respectively.
In order to apply the above procedure, it is necessary
to work with a lagrangian density independent of the z
coordinate in the subspace of field configurations defined
by the truncation. This is ensured by assuming the ex-
istence of an isometry along the z direction in the back-
ground where the D(p+ 1)-brane is propagating, that is
there exists ∆z = ǫ , ∆xm = 0 , ∆Vµ = 0 among the set
of global symmetries {∆φi}.
If the functional truncation is extended to the ghosts
ξµˆ and the space of rigid transformations is restricted
to the subspace defined by ∂z∆x
M = ∂z∆Vµ = 0, the
consistency conditions requiring the infinitessimal trans-
formations not to move our field configurations from the
subspace defined by the truncation and partial gauge fix-
ing (∂zsφ
i |g.f.+trunc= 0), determines
c(σµˆ, ρ) = c˜(σµˆ) + a+
ǫ′
2πα′
ρ (4)
where a, ǫ′ are constants, and ǫ′ has mass dimension mi-
nus one. The corresponding transformations that leave
invariant the partially gauge fixed truncated action be-
come
s˜xm = ξνˆ∂νˆx
m + ∆˜xm (5)
s˜Vµˆ = ξ
νˆ∂νˆVµˆ + Vνˆ∂µˆξ
νˆ + ∂µˆc˜+ ∆˜Vµˆ (6)
s˜Vρ = ξ
νˆ∂νˆVρ + ∆˜Vρ (7)
where ∆˜Vµˆ = ∆Vµˆ − Vρ∂µˆ∆z, ∆˜Vρ = ∆Vρ + ǫ′2πα′ and
∆˜xm satisfies ∂z∆˜x
m = 0.
From (7), not only Vρ becomes a scalar for the par-
tially gauge fixed action, which will be identified with a
new target space coordinate (defined in the T-dual space-
time), (2πα′)Vρ ≡ z˜, but also the isometry along the z˜
direction is generated as a residue of the original U(1)
gauge symmetry (ǫ′) 1.
1 Here, the sufficient conditions have been given to derive
this isometry, but a more general analysis would be interesting
to be performed, due to the big symmetry structure of these
effective actions.
Once the matching between bosonic degrees of free-
dom has been done, we move to prove that invariance of
the Dirac-Born-Infeld term fixes the T-duality transfor-
mations of the NS-NS sector. Working on the partially
gauge fixed truncated subspace of configurations, the fol-
lowing identities can be derived :
Gµˆρ = ∂µˆxmg¯mz (8)
Gρρ = g¯zz (9)
Gµˆνˆ = G′µˆνˆ + ∂µˆxm∂νˆxn(g¯mn − g′mn)− ∂µˆxm∂νˆ z˜g′z˜m
−∂µˆz˜∂νˆxM˜g′z˜M˜ (10)
Fµˆρ = ∂µˆz˜ − ∂µˆxmB¯mz (11)
Fµˆνˆ = F ′µˆνˆ − ∂µˆxm∂νˆxn(B¯mn −B′mn) + ∂µˆz˜∂νˆxnB′z˜n
+∂µˆx
m∂νˆ z˜B
′
mz˜ (12)
where barred fields refer to our original background and
primed fields to dual backgrounds, and {M˜} = {m, z˜}
are the indices of the dual target space.
The elements of the matrix whose determinant appears
in the kinetic term of the Born-Infeld action can be com-
puted from the above identities. Its determinant is equal
to
det (Gµν + Fµν) = g¯zz det [G′µˆνˆ + F ′µˆνˆ
+∂µˆx
m∂νˆx
n [(g¯mn − g′mn)− (B¯mn −B′mn)
−(g¯mz − B¯mz)(g¯nz + B¯nz)(g¯zz)−1]
−∂µˆxm∂νˆ z˜ [(g′mz˜ −B′mz˜)− (g¯mz − B¯mz)(g¯zz)−1]
−∂µˆz˜∂νˆxn [(g′z˜n +B′nz˜) + (g¯nz + B¯nz)(g¯zz)−1]
−∂µˆz˜∂νˆ z˜ (g′z˜z˜ −
1
g¯zz
)] (13)
We will require the DBI action to equal
−Tp−1
∫
dpσ e−φ
′
√
−det (G′µˆνˆ + F ′µˆνˆ). Since the starting
DBI lagrangian density was assumed to be independent
of ρ, the integration over this direction can be performed,
so that Tp−1 = Tp Lz, which is the usual equation re-
lating two D-brane tensions connected by a longitudinal
T-duality transformation. From the lagrangian density
itself, we get a set of six sufficient constraints, which
are obtained by functional independence and taking sym-
metric and antisymmetric parts when necessary. Its so-
lution, given below, coincides with the usual T-duality
rules mapping the bosonic NS-NS sector of type IIA su-
pergravity to IIB or viceversa:
g¯zz = 1/g
′
z˜z˜
φ¯ = φ′ − 1
2
log | g′z˜z˜ |
B¯nz = −g′nz˜/g′z˜z˜
g¯nz = −B′nz˜/g′z˜z˜
g¯mn = g
′
mn − (g′mz˜g′nz˜ −B′mz˜B′nz˜)/g′z˜z˜
B¯mn = B
′
mn − (B′mz˜g′nz˜ −B′nz˜g′mz˜)/g′z˜z˜ (14)
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Let us concentrate on the R-R sector. The Wess-
Zumino lagrangian density satisfies LWZ = dρ∧i∂ρLWZ ,
which can be rewritten as
LWZ = dρ ∧ eF
− ∧ (i∂ρC + i∂ρF ∧ C−) (15)
where F− ≡ i∂ρ(dρ∧F), i∂ρΩ(n) = 1(n−1)!Ωρµ2...µndσµ2 ∧
. . . dσµn and i∂ρ(Ω(m) ∧ Ω(n)) = i∂ρΩ(m) ∧ Ω(n) +
(−1)mΩ(m) ∧ i∂ρΩ(n).
As we already know the T-duality properties of the two
form F , which were fixed by the kinetic term,
T : F− −→ F ′ − i∂z˜B′ ∧ i∂z˜g′/g′z˜z˜ (16)
T : i∂ρF −→ −i∂z˜g′/g′z˜z˜ (17)
we can apply a T-duality transformation to (15), and de-
mand its transformed to equal Tp−1
∫
∂M
eF
′ ∧C′. In this
way, not only Tp−1 = TpLz is satisfied, but the follow-
ing condition is obtained for the pullback of an arbitrary
p-form :
(−1)pC′(p) = i∂ρC(p+1) −
i∂z˜B
′ ∧ i∂z˜g′
g′z˜z˜
∧ i∂ρC(p−1)
− i∂z˜g
′
g′z˜z˜
∧ C−(p−1) . (18)
where the factor (−1)p is due to our conventions com-
bined with ǫµ˜1...µ˜p ≡ ǫµ1...µpρ and ǫ01...p = 1.
In view of the relation dz = dρ, the ± components of
the pullbacked worldvolume forms appearing in (18) can
be lifted to ± components of the space-time forms. Its
corresponding solution is given by the following pair of
expressions :
i∂zC(p+1) = (−1)p
(
C′(p) −
i∂z˜g
′
g′z˜z˜
∧ i∂z˜C′(p)
)
(19)
C
−
(p−1) = (−1)(p−1)
(
i∂z˜C
′
(p) − i∂z˜B′ ∧
(
C′(p−2)
− i∂z˜g
′
g′z˜z˜
∧ i∂z˜C′(p−2)
))
(20)
which are the T-duality rules for the R-R sector. In com-
ponents, equations (19) and (20) read as follows :
C
(p+1)
m1...mpz
= C′(p)m1...mp − pC
′(p)
[m1...mp−1z˜
g′mp]z˜
g′z˜z˜
(21)
C
(p)
m1...mp
= C
′(p+1)
m1...mpz˜
− pC′(p−1)[m1...mp−1B
′
mp]z˜
−p(p− 1)C′(p−1)[m1...mp−2z˜B
′
mp−1z˜
g′
mp]z˜
g′z˜z˜
(22)
In the following, the relation between the above T-
duality transformations and the pre-existing ones [8]
will be clarified. In any field theory, one has always
some freedom to redefine the set of fields and couplings
one is interested in. This is precisely what happens in
D-brane effective actions. The set of RR gauge poten-
tials describing the coupling of the brane to the back-
ground is not unique. In particular, there are two bases
of RR fields used in the literature : the one appearing
in kappa symmetric D-brane actions, which is the one
used along the whole paper, and a second one with very
specific transformation properties under S-duality trans-
formations (denoted by a superindex S in the following).
For instance, the 4-form C(4) is not S self-dual, but trans-
forms to C(4)−C(2)∧B(2). It is CS(4) = C(4)− 12C(2)∧B(2),
the one being S self-dual. The same happens for the 6-
form, CS(6) = C(6)− 14C(2) ∧B(2) ∧B(2), where CS(6) forms
an S-doublet with the dual to the NS-NS 2-form B(2)
[8]. It is straightforward to verify the equivalence be-
tween equations (21), (22) and the pre-existing T-duality
transformations using the above redefinitions. Further-
more, one finds
C
S
m1...m6
= C′m1...m6 z˜ − 6C′[m1...m5
g′
m6]z˜
g′z˜z˜
−45
(
C′[m1 − C′z˜
g′[m1z˜
g′z˜z˜
)
B′m2m3B
′
m4m5
B′m6]z˜
−45C′[m1m2z˜B′m3m4
(
B′m5m6 − 4B′m5z˜
g′
m6]z˜
g′z˜z˜
)
−30C′[m1...m4z˜B′m5 z˜
g′
m6]z˜
g′z˜z˜
(23)
which was not computed in the calculations done in [8].
T-duality and global symmetries . The equations de-
termining the whole set of non-trivial global symmetries
of D-pbrane effective actions is not known for arbitrary
p, although they have been derived, using cohomologi-
cal methods, for the bosonic D-string (p = 1) in [9].
It is nevertheless known that among this set one can al-
ways find the isometries of the background for appropiate
transformations of the gauge field [10] :
∆xM = kM , ∆Vµ = λM∂µx
M (24)
where kM and λM satisfy
Lkg = Lkφ = 0
LkB = dλ
LkC(p+1) = dω(p) − ω(p−2) ∧ dB (25)
for some set {ω(p)}.
The purpose of the present section is to show how the
symmetries (5), (6) and (7) of the partially gauge fixed
truncated action described by the generalized worldvol-
ume BRST operator, when the global ones are restricted
to solutions of (25) are mapped under T-duality to sym-
metries of the T-dual brane. It should be stressed that
this is not the same as saying that all symmetries of the
longitudinal T-dual D-brane action are already contained
in the set of symmetries of the original D-brane.
3
It is trivial to see that the gauge symmetries described
by the BRST operator (ξµˆ, c˜) are mapped to the corre-
sponding gauge symmetries of the dual field theory as it
corresponds to any dimensional reduction. Concerning
the global symmetries, it would be interesting to find the
corresponding k′M , λ′M and {ω′(p)} for the dual brane in
the dual background, satisfying analogous equations to
those appearing in (25). Studying the different compo-
nents of the equations in (25), and using (14), one can
map the initial generalized Killing equations (25) to the
necessary ones for the dual brane if the following identi-
fications are made :
k′m = k˜m, k′z˜ = λ˜z
λ′m = λ˜m, λ
′
z˜ = k˜
z (26)
ω′(p) = (−1)(p+1)
(
i∂z ω˜(p+1) − i∂z˜ g
′
g′
z˜z˜
∧ ω˜−(p−1)
−i∂z˜B′ ∧ i∂z˜ g
′
g′
z˜z˜
∧ i∂z ω˜(p−1)
)
, (27)
where it should be stressed that {k˜m, k˜z, λ˜m, λ˜z , ω˜(p)} are
the solutions to (25) subject to the constraint ∂z∆φ
i = 0
and (27) is defined up to a total derivative. It is essential
for this procedure to work that L∂ρ(eF ∧ ω) = 0, which
is satisfied by hypothesis.
To sum up, the infinitessimal transformations for the
dual D-brane in the dual background are given by
s˜xm = ξνˆ∂νˆx
m + k′m (28)
s˜z˜ = ξνˆ∂νˆ z˜ + k
′z˜ (29)
s˜Vµˆ = ξ
νˆ∂νˆVµˆ + Vνˆ∂µˆξ
νˆ + ∂µˆc˜+
λ′M
2πα′
∂µˆx
M (30)
A couple of remarks concerning the above set of transfor-
mations : (i) the term involving ǫ′ in (7) was absorbed
into λ˜z , without loss of generality as the latter is mapped
to k′z˜ by eq. (26) and the dual background is indepen-
dent of the z˜ coordinate, and (ii) to derive (30), c˜ has
been redefined without loss of generality.
To get a better understanding of the above result,
let us consider a Dp-brane propagating in a Dp-brane
background. The algebra of global symmetries con-
tains ISO(1, p) × SO(9 − p) generated by the corre-
sponding Killing vectors {km, kz} 2. If we now consider
a longitudinal T-duality transformation, the conditions
that were demanded to the infinitessimal global trans-
formations , ∂z∆φ
i = 0, break the isometry group into
ISO(1, p − 1) × SO(9 − p) × R, generated by {k˜m, k˜z},
where the abelian factor R is common of dimensional re-
ductions. Since B(2) = 0, the one form λ(1) in (25) is
2 Here we use the notation used in the rest of the paper.
It should be understood that {km} = {k⊥, k‖}, where ‖=
0, 1 . . . p− 1, ⊥= p+ 1, . . . , 9 and kz = kp.
exact, λ(1) = dβ. Once more, the consistency conditions
breaking the isometry group, restrict the function β to
be of the form β = az + b+ β˜(xm). It is precisely in this
way how λ˜z = a generates the abelian isometry for the
dual background through (26). The final isometry group
is the one of a delocalised D(p − 1)-brane, which is the
one obtained when using (14), and defers from the usual
isometry group of a D(p−1)-brane classical supergravity
solution, which is ISO(1, p− 1)× SO(10− p).
In relation with the results presented in [9,11], where
it was shown that the D-string has an infinite number
of global symmetries, one can indeed conclude from the
discussion presented above that the D0-brane (particle)
also admits an infinite number of them, as was already
pointed out in [12].
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